
Definition 10.b.3. [0NX] For the following exercises we define that

1. a set 𝐸 is open if

∀𝑥0 ∈ 𝐸, ∃𝑟 > 0 ∶ 𝐵(𝑥0, 𝑟) ⊆ 𝐸 . (10.b.4)

It is easily seen that ∅,𝑋 are open sets; that the intersection of
a finite number of open sets is an open set; that the union of an
arbitrary number of open set is an open set. So these open sets
form a topology.

2. The interior 𝐸∘ of a set 𝐸 is

𝐸∘ = {𝑥 ∈ 𝐸 ∶ ∃𝑟 > 0, 𝐵𝑟(𝑥) ⊆ 𝐸} ; (10.b.5)

It is easy to verify that 𝐸∘ ⊆ 𝐸, and that 𝐸 is open if and only if
𝐸∘ = 𝐸 (exercise [0PB]).

3. A set is closed if the complement is open.

4. A point 𝑥0 ∈ 𝑋 is adherent to 𝐸 if

∀ 𝑟 > 0 , 𝐸 ∩ 𝐵𝑟(𝑥0) ≠ ∅ .

5. The closure 𝐸 of 𝐸 is the set of adherent points; it is easy to verify
that 𝐸 ⊆ 𝐸; It is shown that 𝐸 = 𝐸 if and only if 𝐸 is closed
(exercise [0PM]).

6. 𝐴 is dense in 𝐵 if 𝐴 ⊇ 𝐵, that is, if for every 𝑥 ∈ 𝐵 and for every
𝑟 > 0 the intersection 𝐵𝑟(𝑥) ∩ 𝐴 is not empty.
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