
Exercises
E9.146 [0XH] Prove these fundamental relation.

(a) |1|𝑝 = 1 and more generally |𝑛|𝑝 ≤ 1 for every nonnull inte-
ger 𝑛, with equality if 𝑛 is not divisible by 𝑝.

(b) Given 𝑛 nonnull integer, we have that |𝑛|𝑝 = 𝑝−𝜑𝑝(𝑛).
(c) Given 𝑛,𝑚 integers, we have that 𝜑𝑝(𝑛 + 𝑚) ≥

min{𝜑𝑝(𝑛), 𝜑𝑝(𝑚)} with equality if 𝜑𝑝(𝑛) ≠ 𝜑𝑝(𝑚).
(d) Given 𝑛,𝑚 nonzero integers, we have that𝜑𝑝(𝑛𝑚) = 𝜑𝑝(𝑛)+

𝜑𝑝(𝑚) and therefore |𝑛𝑚|𝑝 = |𝑛|𝑝|𝑚|𝑝.
(e) Given 𝑥 = 𝑎/𝑏with 𝑎, 𝑏 nonnull integers we have that |𝑥|𝑝 =

𝑝−𝜑𝑝(𝑎)+𝜑𝑝(𝑏). Note that if 𝑎, 𝑏 are coprime, then one of the
two terms 𝜑𝑝(𝑎), 𝜑𝑝(𝑏) is zero.

(f) Prove that |𝑥𝑦|𝑝 = |𝑥|𝑝|𝑦|𝑝 for 𝑥, 𝑦 ∈ ℚ.
(g) Prove that |𝑥/𝑦|𝑝 = |𝑥|𝑝/|𝑦|𝑝 for 𝑥, 𝑦 ∈ ℚ nonzero.
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