
Example 17.37. [1FD]We informally state this property.

If 𝑛 ≥ 𝑚 ≥ 1 then 𝑜(𝑥𝑛) + 𝑜(𝑥𝑚) = 𝑜(𝑥𝑚).

To prove it, we convert it into a precise statement. First of all, let’s rewrite
it like this.

If 𝑓(𝑥) = 𝑜(𝑥𝑛) and 𝑔(𝑥) = 𝑜(𝑥𝑚) then 𝑓(𝑥) + 𝑔(𝑥) = 𝑜(𝑥𝑚).

So let’s prove it. From the hypotheses,

lim
𝑥→0

𝑓(𝑥)𝑥−𝑛 = 0 and lim
𝑥→0

𝑔(𝑥)𝑥−𝑚 = 0

then

lim
𝑥→0

𝑓(𝑥) + 𝑔(𝑥)
𝑥𝑚 = lim

𝑥→0

𝑓(𝑥)
𝑥𝑚 + lim

𝑥→0

𝑔(𝑥)
𝑥𝑚 = lim

𝑥→0
𝑥𝑛−𝑚𝑓(𝑥)𝑥𝑛 + 0 = 0.
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