
Theorem 16.47. [1GD] Let𝑓 ∶ 𝐴 ⊆ ℝ𝑛 → ℝ be continuous, with𝐴 open,
and let 𝑥 = (𝑥′, 𝑥𝑛) ∈ 𝐴 be such that 𝜕𝑥𝑛𝑓 exists in a neighborhood of
𝑥, is continuous in 𝑥 and 𝜕𝑥𝑛𝑓(𝑥) ≠ 0. Define 𝑎 = 𝑓(𝑥).
There is then a ”cylindrical” neighborhood 𝑈 of 𝑥

𝑈 = 𝑈 ′ × 𝐽

where
𝑈 ′ = 𝐵(𝑥′, 𝛼)

is the open ball in ℝ𝑛−1 centered in 𝑥′ of radius 𝛼 > 0, and

𝐽 = (𝑥𝑛 − 𝛽, 𝑥𝑛 + 𝛽)

with 𝛽 > 0. Inside this neighborhood 𝑈 ∩ 𝑓−1({𝑎}) coincides with the
graph 𝑥𝑛 = 𝑔(𝑥′), with 𝑔 ∶ 𝑈 ′ → 𝐽 continuous.
This means that, for every 𝑥 = (𝑥′, 𝑥𝑛) ∈ 𝑈 , 𝑓(𝑥) = 𝑎 if and only if
𝑥𝑛 = 𝑔(𝑥′).
Moreover, if 𝑓 is of class 𝐶𝑘 on 𝐴 for some 𝑘 ∈ ℕ∗, then 𝑔 is of class 𝐶𝑘

on 𝑈 ′ and
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∀𝑥′ ∈ 𝑈 ′, ∀𝑖, 1 ≤ 𝑖 ≤ 𝑛 − 1 .
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