
Exercises
E18.24 [1N0]Prerequisites:[1T1].Difficulty:**.In the general case (even

when we do not know if 𝐴, 𝐵 commute), we can express exp(𝐴 +
𝑠𝐵) using a power series. Define

𝐶(𝑡) = exp(−𝑡𝐴)𝐵 exp(𝑡𝐴)

and (recursively) set 𝑄0 = 𝕀 (the identity matrix) and then

𝑄𝑛+1(𝑡) = ∫
𝑡

0
𝐶(𝜏)𝑄𝑛(𝜏) 𝕕𝜏

then

exp(−𝐴) exp(𝐴 + 𝑠𝐵) =
∞
∑
𝑛=0

𝑠𝑛𝑄𝑛(1) ; (18.24)

this series converges for every 𝑠.
In particular, the directional derivative of exp at the point 𝐴 in the
direction 𝐵 is

𝑑
𝑑𝑠 exp(𝐴+𝑠𝐵)|𝑠=0 = exp(𝐴)𝑄1(1) = ∫

1

0
exp((1−𝜏)𝐴)𝐵 exp(𝜏𝐴) 𝕕𝜏 .

( Hint: Use the exercise [1T1] with 𝑌(𝑡, 𝑠) = exp(−𝑡𝐴) exp(𝑡(𝐴 +
𝑠𝐵)) and then set 𝑡 = 1. )

Solution 1. [1N1]

https://coldoc.sns.it/UUID/EDB/1N0/
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https://coldoc.sns.it/UUID/EDB/1T1
https://coldoc.sns.it/UUID/EDB/1N1

