
Exercises
E24.40 [1T1] Prerequisites:[118],[11K].Difficulty:*.

Let 𝑉 = ℂ𝑛×𝑛 a matrix space, we equip it with a submultiplicative
norm ‖𝐶‖𝑉 . Let 𝐶 ∈ 𝑉 and let 𝐴, 𝐵 ∶ ℝ → 𝑉 be continuous
curves in space of matrices.

• We recursively define 𝑄0 = 𝐶, and

𝑄𝑛+1(𝑠) = ∫
𝑠

0
𝐴(𝜏)𝑄𝑛(𝜏)𝐵(𝜏) 𝕕𝜏 ;

show that the series

𝑌(𝑡) =
∞
∑
𝑛=0

𝑄𝑛(𝑡)

is well defined, showing that, for every 𝑇 > 0, it con-
verges totally in the space of continuous functions 𝐶0 =
𝐶0([−𝑇, 𝑇] → 𝑉), endowed with the norm

‖𝑄‖𝐶0
def= max

|𝑡|≤𝑇
‖𝑄(𝑡)‖𝑉 .

• Show that the function just defined is the solution of the dif-
ferential equation

𝑑
𝑑𝑡 𝑌(𝑡) = 𝐴(𝑡)𝑌(𝑡)𝐵(𝑡) , 𝑌(0) = 𝐶 .

• If 𝐴, 𝐵 are constant, note that

𝑌(𝑡) =
∞
∑
𝑛=0

𝑡𝑛𝐴
𝑛𝐶𝐵𝑛
𝑛! .
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