
Definition 3.52. [1Y1] The axiom of the power set says that for every
set 𝐴, there is a set 𝒫(𝐴) whose elements are all and only subsets of 𝐴.
A shortened definition formula is

𝒫(𝐴) def= {𝐵 ∶ 𝐵 ⊆ 𝐴} .

𝒫(𝐴) is also called set of parts.
In the formal language of the Zermelo-Fraenkel axioms, the axiom is
written:

∀𝐴, ∃ 𝑍, ∀𝑦, 𝑦 ∈ 𝑍 ⟺ (∀𝑧, 𝑧 ∈ 𝑦 ⟹ 𝑧 ∈ 𝐴) ;

this formula implies that the power set 𝑍 is unique, therefore we can de-
note it with the symbol 𝒫(𝐴) without fear of misunderstandings.
Note that

(∀𝑧, 𝑧 ∈ 𝑦 ⟹ 𝑧 ∈ 𝐴)
can be shortened with 𝑦 ⊆ 𝐴 and therefore the axiom can be written as

∀𝐴, ∃ 𝑍, ∀𝑦, 𝑦 ∈ 𝑍 ⟺ (𝑦 ⊆ 𝐴) ;

then using the extensionality, we obtain that

𝑍 = {𝑦 ∶ (𝑦 ⊆ 𝐴)} .
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