
Exercise 6.6. [20W] Prerequisites:[20V].Difficulty:*.Having fixed 𝛼 > 1,
we define, for 𝑥 ∈ ℝ,

𝛼𝑥 = sup{𝛼𝑝 ∶ 𝑝 ∈ ℚ, 𝑝 ≤ 𝑥} ;

show that:

• this is a good definition (i.e. that the set on the right is bounded
above and not empty).

• Iff 𝑥 is rational then 𝛼𝑥 (as above defined) coincides with the def-
inition in the previous exercise [20V].

• show that 𝑥 ↦ 𝛼𝑥 is strictly increasing.

• Show that

𝛼𝑥𝛼𝑦 = 𝛼𝑥+𝑦 , (𝛼𝑥)𝑦 = 𝛼(𝑥𝑦) .

See also the exercise [21N].
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