
Theorem 7.20. [21C] Assume that 𝑎𝑛 ≠ 0. Let 𝛼 = lim sup𝑛→∞
|𝑎𝑛+1|
|𝑎𝑛|

then

• if 𝛼 < 1 the series∑∞
𝑛=1 𝑎𝑛 converges absolutely;

• if 𝛼 ≥ 1 nothing can be concluded.

Proof. • If 𝛼 < 1, taken 𝐿 ∈ (𝛼, 1) you have eventually |𝑎𝑛+1|
|𝑎𝑛|

< 𝐿

so there is a 𝑁 for which |𝑎𝑛+1|
|𝑎𝑛|

< 𝐿 for each 𝑛 ≥ 𝑁, by induction

it is shown that |𝑎𝑛| ≤ 𝐿𝑛−𝑁 |𝑎𝑁 | and ends by comparison with the
geometric series.

• Let’s see some examples. For the two series 1/𝑛 and 1/𝑛2 you have
𝛼 = 1.
Defining

𝑎𝑛 = {2
−𝑛 𝑛 even
22−𝑛 𝑛 odd

(7.21)

we obtain a convergent series but for which 𝛼 = 2.
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