
Proposition 4.40. [28Z] ≤ is a total order relation.

Proof. Consider the proposition

𝑃(𝑛) ≐ ∀𝑚 ∈ ℕ, 𝑛 ≤ 𝑚 ∨𝑚 ≤ 𝑛

then 𝑃(0) is true. Let’s assume 𝑃(𝑛); let’s fix an 𝑚;

• if𝑚 ≤ 𝑛 then𝑚 ≤ 𝑆(𝑛), by the lemma (point [2]), so 𝑃(𝑆𝑛) holds;

• if ¬𝑚 ≤ 𝑛 but 𝑃(𝑛) holds, then 𝑛 ≤ 𝑚 must hold, but it cannot be
𝑛 = 𝑚, so 𝑛 < 𝑚 holds: but then 𝑆(𝑛) ≤ 𝑚 by the lemma (point
[4]);

in any case 𝑃(𝑆(𝑛)) is proven starting from 𝑃(𝑛).
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